Notation
We will keep notation as in [KT] , and suggest the reader have a copy at hand. Throughout this paper, g will be a Kac-Moody algebra with symmetrisable generalised Cartan matrix (a ij ) i,j∈I , and G will be an associated group as in [K] . We will write T for the maximal torus of G, X for its lattice of characters, and B = G/B for the flag variety. All other notation will be as in [KT] , and the definition of these objects are those of [K,KT] .
Typeset by A M S-T E X
To this data of (T, g) we can associate two algebras: the Hecke algebra H and the "affine" Hecke algebra H. Recall that H is the free Z[q, q −1 ]-module with basis T w , w ∈ W , and multiplication defined by (T s + 1)(T s − q) = 0, l(s) = 1
T s T w = T sw , l(sw) = l(s) + l(w).
Also recall that H = H ⊗ Z C [X] , and that this is given the unique structure of an algebra such that the Hecke algebra H and the group algebra C[X] are subalgebras, and
where s = s α is a simple reflection through α and e α is the corresponding element of C [X] .
In the case G is of finite type, this is the definition of H due to Bernstein and Zelevinski. Cherednik's double affine Hecke algebra [C] is also of this type. It occurs when G is an affine Kac-Moody group, with a torus of dimension l + 1 which contains the "degree operator" but not the center. Here l is the rank of the finite reductive groupḠ, and G is the loop group ofḠ.
In particular, for G of affine type with torus of dimension l + 2, the algebra we have just defined is a generalisation of Cherednik's algebra to arbitrary central charge. This seems to be new.
The Hecke algebra H
This section is a minor addition to [KT] . Let P i , i ∈ I, be the parabolic subgroup of G, defined as in [KT] , and let i P = G/P i be the associated generalised flag variety, defined as in [K] .
The we have a map of schemes, r i : B → i P, which is a P 1 fibration. The precise statement we need is Lemma 2.1. Let F be a finite subset of W such that
k acts on i Y locally freely, and the quotient is a finite dimensional smooth variety.
ii) The induced morphism U
Also denote the natural map of (ii) as i r l : Y l → i Y l , and write (as in [KT] 
where ( i r l ) * , ( i r l ) * denote the usual derived functors of mixed Hodge modules as in [S] . Note that by the decomposition theorem, ( i r l ) * ( i r l ) * A l is semisimple and pure of weight α if A l is pure of weight α, and so and the base change isomorphism applied to the Cartesian diagram of lemma 2.1. The proof is immediate (using the fact that the horizontal maps are affine space fibrations, and so [KT, 2.2] . Then H is a semisimple abelian category, where every object has finite length, and H is a free Z[q, q −1 ] module with basis C ′ w , w ∈ W . Here, q acts by Tate twist, and C ′ w represents the pure simple Hodge module which is the perverse extension of the constant local system on B w with weight l(w). The proof is standard and omitted. (It consists of enlarging H to allow nonsemisimple perverse sheaves, so that the constant local systems on B w extended by 0, call them T w , are in this new categoryH. Then the Grothendieck group ofH is the same as that of H, and the elements T w clearly satisfy T s T w = T sw if lengths add, and (T s + 1) 2 is as claimed by standard properties of P 1 fibrations.)
Definition of Coh
3.1 Let X be a variety on which our torus T acts. A T -equivariant coherent sheaf on X is a coherent sheaf on the quotient stack X/T ; explicitly it is a pair (A, φ) where A is a coherent sheaf on X and φ : p * A → a * A is an isomorphism satisfying the usual compatibilities. Here p : T × X → X, (t, x) → x and a : T × X → X, (t, x) → tx are the projection and action maps.
Denote the category of T -equivariant coherent sheaves Coh T (X). This is an exact category, write D T (O X ) for its derived category and K T (X) for the Grothendieck group of Coh T (X) which is canonically isomorphic to the Grothendieck group of
If f : X → Z is a morphism of T -spaces, we denote by f * the left derived functor of the usual pullback of O-modules, and by f * the right derived functor of the usual pushforward of O-modules. Recall that if f is a regular morphism, f * A is a finite complex of coherent O-modules if A is, and so f * :
case, and if the restriction of f to the support of A is proper, then f * A is a finite complex of coherent O-modules if A is, so f * : 
does not depend on the ambient variety X. (We recall that a sheaf on X with support on Y need not be of the form i * A, and so there is a small subtlety in these statements).
3.2 Let (Z, Y, k) be an admissible triple. Then Z = B F , for F a finite subset of W . Define, for l ≥ k and 
of Y a , and we can identify
where p a b : U a → U b is projection onto the second factor, and Z ∩ U a ֒→ U a is the map z → (z, 0). 
is an isomorphism (as restricting to the zero section of a vector bundle induces an isomorphism in K-theory).
Now, recall that we have a T -action. We still get maps
and in fact
is an isomorphism. But this follows from the previous discussion, either by restricting to T -stable neighbourhoods U b of Y b and observing we still have a splitting (Sumihoro's theorem), or by restricting to T -fixpoints and using the embedding K T (X) ֒→ K T (X T ) and the preceding arguments. Now we can define a group depending on (Y, Z, k) as the limit of these isomorphisms; i.e. an element here is a sequence 
3.4 This Grothendieck group is somewhat crude. However, the same procedure works nicely to define Coh Nonetheless, enough such families exist; one can define morphisms in the obvious way, and take limits as above, getting the abelian category Coh
We will not need this precision, but it's nice to know its there.
Action of
H on K T ×C * (Λ).
4.1
We now define an action of the Hecke algebra H on K
and let π a , π ′ a denote the first and second projections. Then by lemma 2.1, π a : i R a → Y a is a P 1 -bundle. We obtain an induced correspondence on cotangent bundles
One can easily check that π
, and so we get a mapC
where ω iRa /Ya is the bundle of relative top forms ω iRa/Ya = π * a (ω
(Note that here we use the first projection, unlike in [Gr, 2] , as we are using right D-modules).
Furthermore, one can easily check that if A ∈ D
It follows we have well defined mapsC
Now let w ∈ W be such that B w ⊆ Z. The pure mixed Hodge module which is the perverse extension of the constant local system on B w , with weight l(w), is part of a compatible family of such, which we denoted
, and by definition of Coh T ×C * (Λ) and [Gr, 2.1 .2] these individual coherent sheaves patch togethor to to give an element of Coh
, and so we have defined an embedding gr :
Moreover, by the compatibility of gr and correspondences (see [Gr, 2] ), the action of the Hecke algebra H by right multiplication (by C ′ i ) induces an action on grH; this is precisely the action by the operatorsC 
Then the proposition is true in the generality of such correspondences. It is the semisimple rank 1 "affine" version of [KL1, 1.3o2] and easily follows from standard facts about the cohomology of P 1 -bundles and the Koszul complex. We omit the short proof. It follows that we have an action of H on H.C
Proof. Refine the Bruhat order ≤ on W to a total order on W , still denoted ≤. Write x < y if x ≤ y and x = y. Now, if (Z, Y, k) is an admissible triple, a ≥ k,
the last two equalities as T * Bw Y a is an affine space bundle over B w , and B w is itself affine. It follows [T] that we have a short exact sequence in K-homology 
Standard modules.
Define T * B = G × B n = {(x, gB) ∈ g × B | g −1 xg ∈ n}, and Λ = {(x, gB) ∈ T * B | x ∈ n}. Then one can give Λ the structure of a scheme as in [K] . Similarly, if (s, q) ∈ T × C * , then one may define its fixpoints on Y l , Y, . . . and if n ∈ n, s.n = qn, then we can define K * (B s n ) and an action of H on it, even though the variety B s n need not be rational [KL2] . In the sequel to this paper, we will study these "standard" modules and their irreducible quotients, in the case when G is affine.
